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ABSTRACT. For a graph G = (V, E) of order |V (G)| and size |E(G)| a bijection from the
union of the vertex set and the edge set of G into the set {1,2,...,|V(G)| + |E(G)|} is
called a total labeling of G. The vertex-weight of a vertex under a total labeling is the
sum of the label of the vertex and the labels of all edges incident with that vertex. The
edge-weight of an edge is the sum of the label of the edge and the labels of the end vertices
of that edge. A total labeling is called edge-antimagic (respectively, vertex-antimagic) if
all edge-weights (respectively, vertex-weights) are pairwise distinct. If a total labeling is
simultaneously edge-antimagic and vertex-antimagic at the same time, then it is called
a totally antimagic total labeling.

In this paper we prove that complete bipartite graphs admit totally antimagic total
labeling.
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1. INTRODUCTION

In this paper we consider finite, simple and undirected graphs. In 1990, Hartsfield and Ringel [6]
introduced the notion of an antimagic labeling of graph. A graph with ¢ edges is called antimagic
if its edges can be labeled with 1,2,...,q without repetition, such that the sums of the labels of the
edges incident to each vertex are distinct. They conjectured that every tree except P, is antimagic and
moreover, every connected graph except P; is antimagic. This conjecture was proved true, for all graphs
having minimum degree 2 (log |V(G)|) by Alon, etc in [1], for more results about antimagic labeling on
graphs see [5]. If G is a graph, then V(G) is the vertex set and E(G) is an edge set of G, respectively. A
bijection f: V(G) U E(G) — {1,2,...,|V(G)| + |E(G)|} is called a total labeling of G. A total labeling
is called edge-antimagic, if the edge-weights are all distinct. A total labeling is called vertex-antimagic,
if the vertex-weights are all distinct. The notion of edge-antimagic total labeling was introduced by
Simanjuntak, Bertault and Miller in [8] as a natural extension of magic valuation defined by Kotzing and
Rosa in [7]. Simanjuntak, Bertault and Miller [8] proved that C,,, Cay,, Copt1, Pon and Pa,1q have edge-
antimagic total labeling. And the notion of vertex-antimagic total labeling of graphs was introduced by
Baca, etc in [2], were they proved that paths, cycles and other graphs have vertex-antimagic total labeling.
If a graph G with p vertices and ¢ edges possessing a labeling that is simultaneously edge-antimagic total
labeling and vertex-antimagic total labeling, then this labeling is called a totally antimagic total labeling,
and a graph that admits such a labeling is called totally antimagic total graph. The concept of totally
antimagic total labeling was introduced by Baca, etc in [3], were they proved that paths, cycles, stars,
double-stars and wheels are totally antimagic total. This concept was introduced as natural extension of



the concept of totally magic labeling defined by Exoo, etc in [4], were they proved that K, K3, Ps, cycle
C5 and complete bipartite graph K o are the only graphs admits totally magic labeling.

2. MAIN RESULTS

Theorem 2.1. The complete bipartite graph K, ,, admits totally antimagic total labeling, for every
n > 3.

Proof. Let the vertex set and the edge set of K, ,,, n > 3 be

V(Kpn)=ViUVo={v;:i=1,2,...,n}U{u; : j=1,2,...,n},

)

E(Knn) ={vu;:i=1,2,...,n,j=1,2,...,n}.

)

For n > 3, we define a bijection f: V (K, ) UE(K, ) — {1,2,...,n% 4+ 2n} such that
Case 1: if n is even,

iln+1)—n fori=1,2,... 2
flvi) =1 . n2
i(n—+1) fori=%+1,5+2,...,n,

flug) =" 45 for j=1,2,...,m,

iln+1)—n+j fori=1,2,...,5,j=12,...,n,
iln+1)+j fori=%+1,54+2,...,n,7=12,...,n.

flviug) = {
For the edge-weights for j =1,2,...,n, we get

wtp(viug) = f(vi) + f(uy) + f(viug)

i) M) ik ) g fori=1,2,...,2,

i+ 1)+ ™2 4 g i 1) + 4 fori="2+1,2+42,...,n,
[ nESndnitditd) gory— 1,92

e . T T

Thus the edge-weights are all distinct, and it easy to observe that edge-weights form the square matrix
A = (@ij)nxn, where

n?—3n44nit+4i+4j fori—1.2
) b

_ no.
a;; = 5 g =1,2,000n,
2 fani 4i+4j . .
aij:% fori=%+1,5+2,...,n,7=1,2,...,n
Hence A is
n2+n+8 n2+n+12 n2+n+16 . 77,2+5n n2+5n+4
2 2 2 2 2
n245n4+12  n?45m416 02450420 . n’49nt4d n249n+8
2 2 2 2 2
A= : :
5n’4n 5n2+n+4 5n°+n+8 . 5n°+5n—8 5n2+5n—4

2 2 2 2 2
5n°+5n4+4  5n’45n+8  5n’45n4+12 . 5n%49n—4 5n%4+9n
2 2 2 2 2



From the matrix A it is easy to see that edge-weights are all distinct. For vertex-weights we have the

following. First for the set of vertices in V;, wheni=1,2,...,n,7 =1,2,...,n, we get
wtp(vi) = flv) + Y flviug)
u; €Va
(n+1)— Z f(vjuy) fori=1,2,...,%,
(n—l—l)—l—z (viuy) fori=%5+1,5+2,...,n,

iln+1)—n+ Z((n—l—l)—n—l—j) fori=1,2,..., 3,

in+1)+ Y (i(n+1)+ ) fori=5+1,5+2....n,
j=1
{2i(n2+2n+21)”(”+1) fori=1,2,..., 2,
=) 2’ +2n4-D+n(nt1) = 5
= fori=5+1,5+2,...,n

It is easy to show that wty(v1) < wts(ve) < --- < wts(vy,). Second for vertex-weights of set of vertices
Vo, we get

wiy(u;) = f(uy) + Z f(ujvi) = fluy) + Zf(ujvi)

v, €Vy

I3

n

2
:"”“>+J+Z (n+1)—n+j)+ Y (i(n+1)+))

= i=5+1
= 02D 4 (1 1)j forj=1,2,...,7
So that wty(ur) < wtp(uz) < --- < wty(uy).
Finally, we want to show that the sets of the vertex-weights of vertices V; and V5 do not overlap.

For ¢ = %, we have

2(2)(n2+2n+1)—n(n+1
wtf(v%) = (3)( n2 )—n(nt1) = ”3;712 < n3+2n22+4n+2 = wtf(ul).

On the other hand

wtf(un) _ n3+4g2+4n < n3+5n22+6n+2 _ 'wtf(’l)ﬂ )

So that

wtp(v1) <wty(vy) < -+ <wtp(vn) < wtp(ur) < wtp(ug) < --- < wty(uy)

Un
2
4

<wty(va )<wtf( ) <o < wtp(vp).

Hence, vertex-weights are all distinct.
Case 2: if n is odd,
fvi))=i(n+1)—n fori=1,2,...,n,
fluj) =n(n+1)+j for j=1,2,...,n,
flviuj) =in+1)—n+j fori=1,2,...,n,5=1,2,...,n.



For the edge-weights we have
wtp(vug) = f(vi) + fuy) + f(viuy)
=in+1)—n+nn+)+j+in+1)—n+j
=n?—n+2in+1)+2j fori=1,2,...,n,5=1,2,...,n.

It is easy to see that the edge-weights are all distinct.
For the vertex-weights we have the following. First for the set of vertices in V; we get,

wtp(vi) = f(v)+ Y flowy) =i(n+1) —n+ Zf(”iuj)

=i(n+1)—n+» [i((n+1)—n+j]

Jj=1

) _ .
= 2 +2”+21) nt)  fori=1,2,...,n.

It is easy to show that wty(v1) < wtf(ve) < --- < wtf(vy).
Second for vertex-weights of the set of vertices in V5, we get

wty(uy) = f(u;) + Z flujv;)) =n(n+1)+j5+ Zf(ujvi)

v; €V1 i=1

:n(n—l-l)—l—j-i-Z[i(n—i—l)—n-l-j}
i=1

3 2 3
= not2n +32n+2]("+1) for j=1,2,...,n.

So that wty(ur) < wtp(uz) < --- < wty(uy).

Finally, we want to show that the sets of the vertex-weights of vertices Vi and V5 do not overlap.

For i = "TH, we have

n+1
2( 2 )(”2+2”+1)_"(”+1) — n3+2n2+2n+1 < n3+2n2+5n+2
2 2

wtf(vnt1) = 5 = wty(u1).
2

On the other hand

3 2 3, 4.2
wtf(un) _n +4721 —+5n < n +4n2+6n+3 _ wtf(”%—‘-l+1)'
So that
wty(vr) <wty(ve) < -+ <wtp(vngr) < wtp(ur) < wip(ug) < --- < wtp(uy)
2
<wtf(vn?+1+1) < wtf(v%ﬂw) <o < wtp(vp).
Hence, vertex-weights are all distinct, this concludes the proof. ([

Theorem 2.2. The complete bipartite graph K, ., n < m/2 admits totally antimagic total labeling for
every n > 3.

Proof. Let the vertex set and the edge set of K, ,,, n > 3 be
V(Enm)=ViUVo={v;:i=1,2,...,n}U{y;:j=1,2,...,m},
E(Knm)={viuj:i=1,2,...,n,j=1,2,...,m}.

For n >3, n < ¢ we define a bijection f : V(Kym) U E(Kpm) = {1,2,...,nm +n + m} such that



Case 1: if n is even,

flv)) =nm+m+i fori=1,2,...,n,
flug) =3 for j=1,2,...,m,
fliu) =m+nj—n+i fori=1,2,...,n,7=12,....m

For the edge-weights we get

wty(viug) = f(vi) + f(uz) + f(ving)
=(mnm+m+i)+j+(m+nj—n+i)
=mn+2)+jn+1)—n+2i fori=1,2,...,n,5=12,...,m.
It is easy to see that the edge-weights are all distinct.
For vertex-weights we have the following. For the set of vertices in Vi, we get

m

wty(v;) = + Y floy) = flo) + Y flouy)

uj €Va j=1
m
z(mn—l—m—l—i)—FZ(m—i—nj—n—Fi)
j=1
:(mn+m+i)+(m2+@7mn+im)

_ m2(n+2)+m(72L+2)+2i(m+1) fori—1.9

It is easy to show that wt;(v1) < wtyp(ve) < -+ < witp(vy).
Second for vertex-weights of the set of vertices in V5, we get

wty(u;) = Z fviug) uj) + Z f(viug)

v, €V1 i=1

n
=j+ Y (m+nj—n+i)
=1
_ n2(2j71)+2(2m+1)+2j for j =1,2

So that wty(ur) < wtp(uz) < -+ < wtf(m).
Finally, we want to show that the sets of the vertex-weights of vertices V; and V5 do not overlap.
For j = m, we have

n?(2m—1)4+n(2m+1)+2n
2

wtf(Um) =

2n(nm)+nm+nm+2m+(n—n2)
2

nm2+nm+nm+2m+(n—n2)

IN

since (n < %)

nm2+2m2+nr;1+2m+(nfn2) since ( ) (n<2m2)

N

2 2
nm_t2m +"”;+2m+(2m+2) since (n —n? <0< 2m +2)

A

= wtf(vy).

So that
wtp(ur) <wtp(ug) < -+ < wtp(um) <wtp(vr) < wtp(vy) < -+ < wtg(vy).



Case 2: if n is odd,

fw)=nm+m+n+2—2i fori=1,2,...,n,

flu;) =3 for j=1,2,...,m,
m+nj—n-+i fori=1,2,...,n,7=1,2,....m—1,
foiu)) = m+nm+2—2i fori=1,2,...,2L j=m,

m+nm-+2—2i+2n fori:"T“—l-l,”TH—&—Z...,n,j:m.

For the edge-weights we get

wty(viug) = f(vi) + f(uj) + f(viw;) fori=1,2,...,n,j=1,2,...,m,

(nm+m+n+2—-20)+j5+(m+nj—n+i)
fori=1,2,...,n,7=1,2,....m—1,

(nm+m+n+2—20)+j+ (m+nm+2—2i)

fori=1,2,....,2L j=m,
(nm4+m+n+2—20)+j+(m+nm+2—2i+2n)
fori="2t 41,2 4+ 2. nj=m,

mn+2)+2+jn+1)—i fori=1,2,....,n,j=1,2,...,m—1,
=q2mn+1)+n+4+j—4i fori=12,..., 2 j=m,
2m(n+1)+3n+4+j—4i fori=" 41,2242 . nj=m.

It is easy to see that the edge-weights are all distinct. For vertex-weights we have the following.
First for the set of vertices in V7, we get

wtp(vi) = fi) + Y Floug) = f(vi) + Y flviuy)
u; €Va j=1
(nm+m+n+2—2i)+mz_:1(m+nj—n+i)+(m+nm+2—2i)

Jj=1
B for i =1,2,..., "),
- m—1
(nm4+m+n+2-20)+ >, (m+nj—n+i)+(m+nm+2—2i+2n)
j=1
;_ (nt1) (n+1)
fori= "2~ 41,52 4+2,...,n,
B nm+m+”7”12+(m2+2n+mi—5i+4—%) forz':1,2,...,”7“7
nm+m+”TT'l2+(m2+2n+mi—5i+4—%—I—?n) fori:"TH—l—l,"TH—l—Z...,n.

So that wts(vi) < wtp(ve) < -+ < wtg(vy).



Second for vertex-weights of the set of vertices in Vs, we get

n

wtp(ug) = flug) + Y Fluug) = flug) + > fluv;)

v, EVy i=1

n
=j+> (m+nj—n+i
=1

:mn+n2j+j+”_2"2 for j=1,2,...,m—1,

-+
Ju

n

v ‘

n
wtp(um) =Jj + (m+nm+2—2i)+ Z (m+nm+2—2i+2n)

1 . n+l
=" “+1

7

:mn+m+n2m.

So that wty(u1) < wtp(uz) < -+ < wtf(Um).
Finally, we want to show the sets of the vertex-weights of vertices V7 and V5 do not overlap.
For j = m, we have

wt () = mn +m+n’*m =mn +m + n(nm)
<mn+m+ F(nm) since (n < F)

2
<mn+m+ “F-

<mn+m-+ "'2”2 +(m*+2n+m—1— )
= wt(v1).

So that wty(u1) < wty(ug) < -+ < wtp(um) < wip(vy) < wtp(ve) < -+ < wity(vy). Hence, vertex-
weights are all distinct, this cocludes the proof. O

3. CONCLUSION

In this paper we proved that complete bipartite graphs K, ,,n > 3 and K, ,,,n < m/2 are simulta-
neously vertex-antimagic total and edge-antimagic total.
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